For any real number x , let ||x|| denote the distance from x to the nearest integer; thus % > ||x|| > 0 for all x . The well-known theorem of Dirichlet concerning simultaneous diophantine approximation can be stated as follows: if a. , a ? , ..., a are any real numbers and m > 2 is an integer, then there exists an integer q such that
It is natural to ask whether the result given in (l) can be improved, where the supremum i s taken over a l l w-tuples of real numbers a . , . . . , a . Thus (1) can be restated as 1 n 1/n , and (l) is improved for any pair m, n for which we can prove that strict inequality holds in (2) . We prove below that for fixed n the upper bound m in (2) cannot be decreased by more than 2(n-l)m~ for any m , and that for infinitely many m equality holds in (2) . Thus (l) can never be improved by very much, and infinitely often (l) actually gives the best possible result of its type.
There is another way of looking at the question of improving (l). For any w-tuple of real numbers a. , ..., a , define c ( a , . . . , a ) = lim sup min max m ||<7a.|| .
Thus ( l ) says that e(o, , . . . , a ) £ 1 for a l l real numbers a.. , . . . , a , and ( l ) i s improved for any n-tuple a , . . . , a for which we can prove t h a t c(a. , . . . , a ) < 1 . Davenport and Schmidt [2] proved that for almost a l l (in the sense of Lebesgue measure) rj-tuples ou , . . . , a , we have 1 n c(a. , . .. , a ) = 1 . Thus, from this point of view, no improvement of (1) i s possible except on a set of zero measure. Some results on the nature of the n-tuples that are in t h i s set of zero measure were proved in an e a r l i e r paper of Davenport and Schmidt [ / ] . THEOREM 1. For any given integers m 2 2 and n 2 1 , let k be an arbitrary integer such that k + k -k -m holds. Then
holds.
Proof. We already have the right-hand inequality in (3) . To prove the left-hand inequality, we suppose m 2 2 and n > 1 are given, and we o. = fe^'V 1 (l « j < n) .
I f m S f e +?c -k (true by the hypothesis of the theorem), then
1^"1 for S:"" 2 £ I £ fe"" 1 -1 .
Similarly, for 2 £ v £ n-1 , if m 2 fe n + fe"~ -k r (true by the hypothesis of the theorem), then
Since for any integer a satisfying 1 £ a £ m-1 we have ||(m-a)a .|| = ||aa .|| for each a. defined in (h), putting together (5), (6), 
This last inequality implies m < (fe+2) ; thus k > m -2 , which implies k ~ m~ > m -2(n-l)m . This gives the second part of the corollary.
Our next theorem shows that the lower bound in (3) can sometimes be improved.
THEOREM 2. For any given integers m > 2 and n 2: 1 , if t is an integer satisfying m £ t , then
In particular, for each t > 2 we have
Proof. Suppose m 2 2 , n * 1 , and t satisfying m £ t are given, and define
Now H^a || > t~ xf q $ 0 mod t , and for j = 2, 3, . . . , n , \\qa .|| > t " (8) and (2) . Thus (9) shows that for each n , (2) holds with equality for i n f i n i t e l y many values of m .
Our last theorem proves a conjecture of Mahler [ 3 ] , which i s an extension of the case n = 1 of Theorem 1. Proof. The proof is a variation of the "box principle" argument which can be used to prove Dirichlet's theorem. The left-hand side of (10) is clearly greater than or equal to mn (take ex = n ) , so we need only prove that the left-hand side of (10) 
